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1. INTRODUCTION
If s(x) is a polynomial with coefficients in the finite field Fq, then the
dynamics of s on the algebraic closure Fq of Fq are reflected by an induced
mapping sˆ of s on irreducible polynomials over Fq, defined as follows. If
g is a monic irreducible polynomial over Fq with root a, then sˆ(g) 5 the
minimal polynomial h of s(a) over Fq. Equivalently, sˆ(g) 5 h if and only
if g(x) u h(s(x)). To this mapping can be associated a directed graph Gs
whose vertices are all monic irreducibles over Fq and whose edges are the
pairs (g, h) with sˆ(g) 5 h. Periodic orbits of the map sˆ correspond to
cycles in the graph Gs. (See [1], [2], and [10].)
In [1] and [2] this induced mapping and graph were studied for the
polynomials s(x) 5 xq 1 ax, for nonzero elements a in Fq. The ‘‘pre-
periodic’’ structure of the associated graphs was determined in [2] for
additive polynomials s over Fq, with very explicit results for the mappings
s(x) 5 x p 2 x and x p 1 x over Fp. It was also proved in [1] for any
polynomial s that the map sˆ has infinitely many fixed points and for the
special polynomials s(x) 5 xq 1 ax that there are infinitely many irreduc-
ibles which are not fixed points of sˆ.
To complete the determination of the dynamics of the mapping sˆ for
the polynomials s(x) 5 xq 1 ax, it remains to determine the periods of sˆ
or the lengths of the cycles in Gs. In this paper we prove the following
theorem. We say an irreducible polynomial g has primitive period n with
respect to sˆ if sˆ n(g) 5 g but sˆ m(g) ? g for any positive m , n, where sˆ n
denotes the nth iterate of sˆ.
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THEOREM 1. Let s(x) 5 xq 1 ax, for a non-zero a in Fq. Then for any
integer n $ 1 there are infinitely many monic irreducibles in Fq[x] which
have primitive period n under the induced mapping sˆ.
Thus Gs has infinitely many cycles of length n, for any n $ 1. The
statement of the theorem is equivalent to the assertion that there are
infinitely many elements a of Fq for which s n(a) is conjugate to a but no
s m(a) is conjugate to a (over Fq) for m , n (s n is the nth iterate of s).
To get periodic irreducibles of given period n, prime to p, we first use
the Carlitz module (see [3], [4]) to characterize the polynomials which lie
in cycles of length n in terms of the orders of certain elements in (Fq[T ]/
(D))3, for polynomials D in Fq[T ], and then we apply Artin’s conjecture
in function fields, or rather the extension of Artin’s conjecture given by
Lenstra [5, Section 4]. To get irreducibles in cycles of length divisible by
p we use a method given in [1, Section 7] for producing periodic points of
s of period prm from periodic points whose periods m are prime to p.
This result shows dramatically that the dynamics of xq 1 ax on Fq is very
different from the dynamics of the map f(x) 5 xq, whose induced mapping
fixes every irreducible polynomial. This theorem seems likely to be true
for most polynomial maps over Fq, so we put forward the
Conjecture. For any polynomial s(x) in Fq[x] of degree $2, which is
not equal to axp
r
1 b for any r and a,b in Fq, the induced mapping sˆ on
irreducible polynomials has infinitely many periodic points of primitive
period n, for any integer n $ 1.
It is not hard to see that the periods of sˆ are bounded when s(x) 5
ax p
r
1 b (for example, when pr is a power of q, these periods divide the
order of the matrix (a0 b1) over Fq). As noted above, the case n 5 1 of this
conjecture was proved in [1].
We also note the following consequence of Theorem 1 for p-adic orbits
of polynomials of the form s(x) 5 x p 1 ax over Qp.
THEOREM 2. Let s(x) 5 x p 1 ax, where a is a unit in the ring of
p-adic integers Zp. There are infinitely many periodic orbits of s in Qp which
do not consist entirely of algebraic conjugates over Qp. In other words, there
are infinitely many periodic points a of s in Qp for which a and s(a) are
not conjugate over Qp.
This shows that the conjecture stated in [6, Section 1] for number fields
K, to the effect that all but finitely many of the cycles (periodic orbits) of
a polynomial map over K consist entirely of algebraic conjugates over K,
is definitely false for p-adic fields.
I close this Introduction with a question. For the mapping given by
s(x) 5 xq 1 ax over Fq, let An 5 {monic irreducibles over Fq with primitive
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period n wrt sˆ}. Does An have a well-defined natural density (or a Dirichlet
density) dn? If the densities dn exist, then they must tend to 0 as n R y,
since they sum to some number between 0 and 1. (Theorem 6.2 of [1]
suggests that this sum is positive, i.e., a positive density of polynomials lie
in cycles of Gs: it appears that at least 1/q of the irreducible polynomials
whose degrees are prime to p lie in cycles, and this is definitely true in the
special case s(x) 5 x p 2 x.) For which n is dn largest? Are all dn positive?
I am grateful to H. W. Lenstra, Jr., for a helpful conversation concerning
the argument in Section 4.
2. THE CARLITZ MODULE AND ITERATION
By the results of [1], any periodic polynomial for the induced mapping
of s(x) 5 xq 1 ax is a divisor of one of the polynomials
Fn,s(x) 5 p
d un
(s d(x) 2 x)e(n/d), (1)
whose roots are the essential periodic points of s in Fq (in the terminology
of [7]). We now introduce the related polynomials f(x) 5 xq 1 Tx and
Fn(x, T) 5 p
d un
( f d(x) 2 x)e(n/d). (2)
It is clear that the polynomial Fn,s(x) in (1) is the specialization of Fn(x,
T) for T 5 a (cf. [6, Theorem 3.1]). We shall study properties of the
irreducible factors of (1) and (2) using the Carlitz module (see [3] and [4]).
Recall that the Carlitz module is defined by
C1(x) 5 x, CT(x) 5 xq 1 Tx;
ClA1B(x) 5 lCA(x) 1 CB(x), for A and B in Fq[T ], and l in Fq;
CAB(x) 5 CA(CB(x)), for A and B in Fq[T ].
(See [3], Eq. (2.1); the change of sign in the third line of Carlitz’s formula
is now standard.) This is a formal module in the same sense that a formal
group gives rise to an actual group: there is a natural object (the algebraic
closure of Fq(T)) which has the structure of an Fq[T ]-module when its
elements are substituted for the variable x in the above assigments. The
expression CA(x) is a polynomial in the two variables x and T. For these
polynomials Carlitz [3] proved the factorization
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CA(x) 5 p
D uA
WD(x), (3)
where D runs over the monic divisors of A and the polynomials WD(x) are
irreducible over Fq[T ]. The polynomials WD(x) can be considered to be
analogues of cyclotomic polynomials, since their roots generate abelian
extensions of Fq(T). Moreover, if (A, D) 5 1 in Fq[T ], then the polynomial
CA(x) permutes the roots of WD(x) (see [3, Eq. (3.13)]), and CA(b) 5 CB(b)
for a root b of WD(x) if and only if WD(x) divides CA2B(x); by (3) this is
the case if and only if D u (A 2 B). It follows from this and a degree
calculation that
Gal(WD(x)/Fq(T)) > (Fq[T ]/(D))3 (4)
by the mapping which sends A (mod D) to the automorphism (b R CA(b)).
For later use we will require the following fact.
LEMMA 1. Let D1 and D2 be distinct monic polynomials in Fq[T ]. Then
Res(WD1, WD2) is a non-zero constant in Fq unless D1/D2 or D2/D1 is a
power of an irreducible polynomial Q, in which case this resultant is a power
of Q.
Proof. First we note that C9A(0) 5 A(T), where the prime denotes the
derivative with respect to x, a fact which follows easily from the defining
formulas. If D is irreducible, it follows from CD(x) 5 W1WD 5 xWD that
WD(0) 5 D, and by induction on r that WDr(0) 5 D for any r $ 1. Equation
(3) implies further that WD(0) 5 1 if D is not a power of an irreducible.
Now the resultant Res(WD1, WD2) is a product of differences a 2 b, where
a is a root of WD1 and b is a root of WD2. The annihilator D of a 2 b in
Fq[T ] divides lcm(D1 , D2), and a 2 b is a root of WD(x). Further, D1 u
lcm(D, D2) and D2 u lcm(D, D1). If neither D1/D2 nor D2/D1 is a power of
an irreducible, it follows that at least two distinct irreducibles divide D.
Then WD(0) 5 1 implies that a 2 b divides 1 and is therefore a unit in
some extension ring of Fq[T ]. Hence Res(WD1, WD2) must be constant in
this case. If D1/D2 5 Qr, say, for an irreducible polynomial Q, write D2 5
D3 ? Qs , where D3 is not divisible by Q. Then D1 u lcm(D, D2) implies that
Qr1s divides D, for every difference a 2 b. If another irreducible divides
D then a 2 b is a unit, as before. Otherwise D 5 Qr1s. Moreover, the map
a R Qr1sa maps the roots of WD1 onto the roots of WD3, and b R Q
r1sb
similarly maps the roots of WD2 onto the roots of WD3 (since Q
r permutes
the roots of WD3). Hence some a 2 b has annihilator equal to Q
r1s. It
follows that the only possible irreducible factor of Res(WD1, WD2) in Fq[T ]
is Q and that Q is definitely an irreducible factor of this resultant: for if
we conjugate a 2 b by automorphisms of the splitting field of WD1, we
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must obtain all roots of WQr1s in the form a 2 b for suitable a and b, so
that its constant term Q divides the resultant. This proves the lemma.
A similar argument shows that disc(WD) is a product of powers of the
irreducible factors of D. We will also need the following.
LEMMA 2. (see [3]) For any monic polynomial D in Fq[T ] which is
relatively prime to T 2 a we have WD(T2a)r ; (WD)q
r
2qr21 (mod T 2 a).
Proof. From the defining formulas it follows easily that C(T2a)r ; xq
r
(mod T 2 a). Using this and Mo¨bius inversion we find easily that
WD(T2a)r 5 p
B uD(T2a)r
CB(x)e(D(T2a)
r/B)
5 p
B uD
CB(T2a)r21(x)e(D(T2a)/B) ? p
B uD
CB(T2a)r(x)e(D/B)
; p
B uD
CB(x)e(D/B)(q
r
2qr21)
; (WD)q
r
2qr21 (mod T 2 a),
where the e-function is defined in the obvious way on polynomials in Fq[T ].
From the definition of the polynomials CA(x) and f(x) it is clear that
f(x) 5 CT(x) and f m(x) 2 x 5 CTm21(x), so that (2) and (3) give
Fm(x, T) 5 p
D[Pm
WD(x), (5)
where Pm is the set of primitive divisors of T m 2 1, those monic polynomials
D for which D u T m 2 1 but D does not divide T k 2 1 for k , m. Hence
the irreducible factors of Fm,s(x) over Fq are identical to irreducible factors
of certain specializations of WD(x).
3. PRIME DIVISORS IN EXTENSION FIELDS AND THE PERIODIC POINTS OF sˆ
We shall now derive conditions for a given irreducible factor g(x) of
Fm,s(x) to be a primitive n-periodic point of sˆ.
Suppose that g(x) divides the specialization of WD(x) when T 5 a. We
interpret this using the abelian extension KD of Fq(T) generated by the
roots of WD(x). Let R be the integral closure of Fq[T ] in KD. On Fq[T ] the
specialization T 5 a is the same as reduction modulo the prime ideal
(T 2 a). Hence g(x) is one of the irreducible factors of WD(x) (mod
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T 2 a). By Lemma 2 it involves no loss of generality to assume that
(T(T 2 a), D) 5 1, though this might require replacing m by a proper
divisor. For such D, the discriminant of WD(x) is prime to (T 2 a) (by the
remark following Lemma 1) and the Dedekind–Kummer theorem ([8, p.
50] or [9, p. 76]) says that the prime ideal divisors of (T 2 a) in R are in
1–1 correspondence with the irreducible factors of WD(x) (mod T 2 a). Thus
P 5 (g(b), T 2 a) (6)
is one of the prime divisors of T 2 a in R. (WD(b) 5 0.)
I now claim that the behavior of g(x) under the induced mapping sˆ is
related to the behavior of the prime ideal P under a specific automorphism
of the Galois group GD 5 Gal(KD/Fq(T)).
To see this, let Q be the ideal Q 5 (sˆg(b), T 2 a). Then sˆg(b) ; 0
(mod Q) and sˆg(CT(b)) ; 0 (mod Qt), where Qt is the image of Q under
the automorphism t 5 (b R CT(b)) (a well-defined automorphism by virtue
of the assumption that (D, T) 5 1). On the other hand, sˆg(CT(x)) ;
sˆg(s(x)) (mod T 2 a), and sˆg(s(x)) is divisible by g(x), by definition of
sˆ. We now appeal to Lemma 3.4 of [1], which we state for the convenience
of the reader.
LEMMA 3 (Lemma 3.4 of [1]). Let F be any field and s(x) be a polynomial
in F[x]. If an irreducible polynomial u(x) in F[x] divides Fm,s(x), then for
any i $ 1 there is a unique irreducible factor h(x) of Fm,s(x) for which
h(x) u u(s i(x)).
Keeping in mind that g u Fm,s(x) implies sˆ(g) u Fm,s(x), this lemma says
that g(x) is the only irreducible factor of Fm,s(x) which can also be a factor
of sˆg(s(x)). Since sˆg(s(x)) does not have multiple roots, it follows from
(5) that sˆg(s(x)) 5 g(x) ? h(x), where (h(x), WD(x)) 5 1 (mod T 2 a).
Hence some linear combination of sˆg(CT(x)), WD(x) and T 2 a (with
coefficients in Fq[T ]) is equal to g(x) and h(b) is invertible (mod T 2 a);
this implies Qt 5 (sˆg(CT(b)), T 2 a) 5 (g(b), T 2 a) 5 P and therefore
Pt
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5 (sˆg(b), T 2 a). (7)
Note that sˆg(x) is also a factor of WD(x) (mod T 2 a). This can be seen
as follows: assume that sˆg(x) u WE(x) (mod T 2 a), so WE(x) 5
sˆg(x)k(x) 1 r(T 2 a) for some r in Fq[x, T ]. We may take E to be a
primitive divisor of T m 2 1 for the same m that D is, by (5). Putting f(x)
in for x in this equation and using f(x) ; s(x) (mod T 2 a) and
WE( f(x)) 5 WE(x) ? WTE(x) (see [3, Eq. (3.14)]) gives
WE(x) ? WTE(x) 5 sˆg(s(x)) ? k(s(x)) 1 r9(T 2 a),
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for another r9 in Fq[x, T ]. Therefore g(x) divides the left side of this equation
(mod T 2 a). I claim now that Res(WTE(x), Fm(x, T)) is not divisible by
T 2 a, if E lies in Pm. This follows from (5) and Lemma 1, since the last
resultant is a product of resultants of the form Res(WTE(x), WD9(x)), for
D9 in Pm, and unless D9 5 E neither of the quotients TE/D9 or D9/TE can
be the power of an irreducible (especially if T 2 a divides D9). Therefore
gcd(WTE(x), Fm,s(x)) 5 1 (mod T 2 a) and g(x) divides WE(x) (mod
T 2 a). But g(x) also divides WD(x) (mod T 2 a); if E ? D, then (T 2 a)
divides the resultant of WD(x) and WE(x) and Lemma 1 implies that E 5
D ? (T 2 a)i, for some i. Now Lemma 2 implies that WD(x) and WE(x)
have the same irreducible factors (mod T 2 a), proving the claim.
Thus we may iterate Eq. (7) to obtain
Pt
2n
5 (sˆ ng(b), T 2 a). (8)
Because distinct irreducible factors of WD(x) (mod T 2 a) give rise to
distinct prime divisors of (T 2 a) in R, we conclude from (8) that g(x) has
primitive period n with respect to sˆ if and only if the automorphism t 5
(b R CT(b)) has period n with respect to the decomposition group of the
prime ideal P (since the decomposition group of P is just the group of
automorphisms of KD fixing P).
On the other hand, the decomposition group of P is generated by the
automorphism (b R CT2a(b)). To see this, recall that this decomposition
group is generated by the unique automorphism c of KD/Fq(T) for which
C(a) ; aq (mod P) for all a in KD which are integral for P. Since
CT2a(x) 5 xq 1 (T 2 a)x ; xq (mod T 2 a), we must have c 5 (b R CT2a(b)).
Putting these arguments together and using the isomorphism (4) gives
the following proposition.
PROPOSITION 1. Every monic, primitive, irreducible factor g(x) of Fm,s(x)
is a factor of WD(x) (mod T 2 a) for a unique monic, primitive divisor D
of T m 2 1 in Fq[T ] for which (T(T 2 a), D) 5 1. The primitive period n
of the polynomial g(x) with respect to the map sˆ is equal to the order of T
with respect to the subgroup of (Fq[T ]/(D))3 generated by T 2 a.
The uniqueness of D is a consequence of Lemma 1 and the condition
((T 2 a), D) 5 1. Note that other important parameters of the dynamics
are given in terms of the group (Fq[T ]/(D))3, as well. The order of T in
this group is m, which is the primitive period of the roots of g under the
map s(x). The order of T 2 a in the group is the degree of g, since this is
also the degree of the irreducible factors of WD (mod T 2 a). (See Theorem
12 in [3].)
EXAMPLES. We take p 5 q 5 2 and s(x) 5 x2 1 x over F2. Below is
a short table of periodic points of sˆ and their corresponding polynomials D.
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n m g(x) D(T)
1 3 x3 1 x 1 1 T 2 1 T 1 1
2 6 x6 1 x3 1 1 (T 2 1 T 1 1)2
1 7 x7 1 x3 1 1 T 3 1 T 1 1
1 7 x7 1 x 1 1 T 3 1 T 2 1 1
7 7 x7 1 x4 1 1 (T 3 1 T 1 1)(T 3 1 T 2 1 1)
1 9 x63 1 x15 1 x7 1 x 1 1 T 6 1 T 3 1 1
4 12 x12 1 x10 1 x8 1 x7 1 x5 1 x3 1 1 (T 2 1 T 1 1)3
2 14 x14 1 x10 1 x7 1 x6 1 1 (T 3 1 T 1 1)2
In each case listed but the last, WD factors (mod T 1 1) as the product
of the irreducibles in the cycle containing g. In the last case WD splits into
two 2-cycles (mod T 1 1).
It is possible to prove similar results for more general additive maps of
the form s(x) 5 Oi aifi(x), where f(x) 5 xp, but for the sake of brevity
we will not go into this.
4. EXISTENCE OF GIVEN PERIODS PRIME TO p
Proposition 1 shows that the set of periods of sˆ coincides with the set
{n: T has order n with respect to kT 2 al mod D, for some
D s.t. (T(T 2 a), D) 5 1}.
In this section we deal with the case (n, char Fq) 5 1 by proving
PROPOSITION 2. For any integer n $ 1 which is relatively prime to q and
any a ? 0 in Fq there exist infinitely many irreducible polynomials D over
Fq having the property that the order of T with respect to kT 2 al in (Fq[T ]/
(D))3 is n.
To prove this proposition we shall attempt to find irreducible polynomials
D for which the following conditions hold:
(i) qdeg D ; 1 (mod n);
(ii) kT 2 al has index dividing n in (Fq[T ]/(D))3;
(iii) T 2 a is an nth power in (Fq[T ]/(D))3;
(iv) T is not an rth power (mod D) for any r u n, r ? 1.
Since (Fq[T ]/(D))3 is a cyclic group of order qdeg D 2 1, these conditions
imply that D has the required property. Note that (i), (iii), and (iv) can
be expressed as Cebotarev conditions for a suitable normal extension of
Fq(T). We may take such a normal extension to be F 5 Fq(T,
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zn , Ï
n
T 2 a, Ïn T), where zn is a primitive nth root of unity. If t is the order
of q modulo n, then (i) is equivalent to t u deg D, which is also the condition
that the prime ideal (D(T)) split completely in the extension Fq(zn, T)/
Fq(T). Condition (iii) (together with (i)) is equivalent to the condition that
the ideal (D(T)) split in Fq(zn, Ï
n
T 2 a), and condition (iv) (together with
(i)) is equivalent to the condition that the Frobenius symbol
FFq(zn, Ïn T)/Fq(T)P G
has order n, where P is a prime divisor of (D(T)) in Fq(zn, Ï
n
T). Since
Fq(zn, Ï
n
T 2 a) and Fq(zn, Ï
n
T) are linearly disjoint over Fq(T, zn), these
conditions are compatible, and are satisfied by all the irreducibles D (prime
to T(T 2 a)) whose associated Frobenius classes for F/Fq(T) lie in a certain
non-empty set of conjugacy classes C in Gal(F/Fq(T)).
To guarantee the existence of such irreducibles D we appeal to a result
in [5]. In Lenstra’s notation we are interested in the set M of irreducible
D’s whose Frobenius classes for F/Fq(T) lie in C and for which condition
(ii) holds (see [5, p. 203] with W 5 kT 2 al). For any prime l ? p (p 5
char Fq) let q(l) be the smallest power of l which does not divide n, and
define Ll to be the field Ll 5 Fq(zq(l), (T 2 a)1/q(l)). In our case, Lenstra’s
Corollary 4.8 [5, p. 208] says that M is infinite (and then has non-zero
Dirichlet density) if and only if C is not contained in <l Gal(F/Ll), the
union being over all primes l ? p for which Ll , F. We will prove M
infinite by showing that the last containment never holds. This is easy, since
the ramfication indices eF of the prime divisors of T 2 a in F are all equal
to n, while the ramfication indices el of the prime divisors of T 2 a in Ll
are all equal to q(l). Since el u eF whenever Ll , F and q(l) does not divide
n, by definition, this proves our claim, and with it the proposition. Lenstra’s
argument [5, thm. 3.1] shows moreover that
Dirichlet density of M 5 lim
mRy
O
d um
e(d)#(C > Gal(F/F > Ld))
[F ? Ld : Fq(T)]
. 0,
where Ld, for square-free d prime to p, is the compositum of the fields Ll
over the primes l dividing d, and where m ranges over square-free integers
prime to p.
COROLLARY TO PROPOSITION 2. For any integer n relatively prime to p
(the characteristic of Fq) there are infinitely irreducible polynomials g over
Fq which have period n with respect to the induced mapping sˆ. Such polyno-
mials can be found as irreducible factors of WD (mod T 2 a), where D
ranges over the irreducible polynomials guaranteed by Proposition 2.
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Proof. We only need to check that different irreducible D’s yield differ-
ent g’s. Since the g’s are divisors of WD’s (mod T 2 a), two such g’s could
only be equal if the corresponding WD’s had a common root (mod T 2 a).
But Lemma 1 shows that T 2 a does not divide the resultant of differ-
ent WD’s. Q.E.D.
5. EXISTENCE OF GIVEN PERIODS DIVISIBLE BY p
To produce cycles in Gs with period divisible prn, where n is prime to
p, we use Proposition 2 and an idea from [1]. Given an irreducible g in a
cycle of length n, with root a, we take an element l of degree pr over Fq
and let h be the minimal polynomial of the element la. Note that the
period m and degree d of a are prime to p if g is an irreducible factor of
WD mod T 2 a and D is one of the polynomials of Proposition 2. Then [1,
Theorem 7.2] implies that la has primitive period prm and degree over Fq
equal to pr deg g. We will show that h lies in a cycle of degree prn for suitable
l, independent of a and g. Since there are infinitely many irreducibles g
in cycles of length n, there will be infinitely many corresponding irreducibles
h in cycles of length prn. We shall prove
PROPOSITION 3. Assume the minimal polynomial g of the nonzero num-
ber a lies in a cycle of length n with respect to sˆ, where (n, p) 5 1, and that
the minimal period m of a is prime to p. If l is any element of Fqpr which
generates a normal basis over Fq, then the minimal polynomial h of la lies
in a cycle of length prn.
Let f(x) 5 xq be the Frobenius map. Since f is a linear map, the algebraic
closure of Fq is an Fq[f] module, and we may consider annihilators of
algebraic elements with respect to this module. In particular, if l generates
a normal basis of E 5 Fqpr over Fq, then its annihilator ideal is generated
by (f 2 1)p
r
, since no polynomial Q(f) of degree less than pr in f can
annihilate l. Thus any polynomial Q(f) for which Q(f) l 5 0 must be
divisible by (f 2 1)p
r
. This is the main fact we will use in proving the
proposition. Conversely, if the annihilator ideal of l is generated by
(f 2 1)p
r
, then l generates a normal basis of E/Fq. This may be used to
count allowable l’s: since they are roots of (xq
pr
2 x)/(f 2 1)p
r
21(x), there
are qp
r
2 qp
r
21 5 qp
r
21(q 2 1) such numbers.
We first show that the period of h with respect to sˆ is a power of p times
n. Since s n(a) is conjugate to a and s p
r
is a linear map on E it is clear
that s np
r
(la) 5 ls np
r
(a) is conjugate to la. The period of h must therefore
divide npr. On the other hand, the period of h does not divide spr for s ,
n. For otherwise s sp
r
(la) 5 ls sp
r
(a) is conjugate to la, so that ls sp
r
IRREDUCIBLE POLYNOMIALS OVER FINITE FIELDS 21
(a) 5 (la)q
i
. Since l and a have relatively prime degrees it follows that
lq
i
5 bl for some b in Fq, and then that b 5 1 (as in the proof of [1,
Theorem 7.2]). Hence s sp
r
(a) 5 aq
i
is conjugate to a, which is impossible
since n is the primitive period of g with respect to sˆ. This proves that the
cycle length of h is npi, for some i # r.
For the next step of the proof we first assume that r 5 1, so that l has
degree p over Fq. In this case we just have to prove that s n(la) is not
conjugate to la. So suppose that s n(la) 5 (la)q
i
for some i , p. Using
s n 5 (f 1 a)n this equation may be written in the form
On
k50
Sn
k
D an2kaqkfk(l) 5 aqifi(l). (9)
Since l has the same annihilator ideal over Fq(a) that it does over Fq, it
follows that the polynomial
Q(f) 5 On
k50
Sn
k
D an2kaqkfk 2 aqifi (10)
must be divisible by (f 2 1)p. Setting f 5 1 gives therefore that Q(1) 5
0, or
On
k50
Sn
k
D an2kaqk 5 aqi,
which just says that aq
i
5 (f 1 a)n(a) 5 s n(a). Thus (9) may be written
in the form
On
k50
Sn
k
D an2kaqkfk(l) 5 s n(a)fi(l). (11)
Applying the same argument to the derivative
Q9(f) 5 On
k50
k Sn
k
D an2kaqkfk21 2 is n(a)fi21
shows that
22 PATRICK MORTON
On
k50
k Sn
k
D an2kaqk 5 is n(a).
But the left-hand side of the last equation is
f ?
d
df
(f 1 a)n(a) 5 nf(f 1 a)n21(a),
and so we have that nf(f 1 a)n21(a) 5 is n(a), or
s n21(f(a)) 5
i
n
s n(a). (12)
This equation implies that i is not congruent to 0 or n (mod p), since
otherwise s n21(a) would be 0 or conjugate to a. Since s and f commute,
(12) gives by induction that
s n21(fr(a)) 5 S inDr s n1r21(a), for r $ 1.
Now put r 5 p 2 1. Then we have that s n21(fp21(a)) 5 s n1p22(a), and
applying s to both sides gives s n(fp21(a)) 5 s n1p21(a), which we rewrite
as s p21(s n(a)) 5 fp21(s n(a)). But s n(a) is a root of g, so s p21(a) 5 fp21(a)
is conjugate to a.
The last fact implies that p 2 1 is a period of g, so n # p 2 1. Thus the
polynomial Q(f) (see (10)) has degree # p 2 1 and leading coefficient
fn(a) or 2fi(a) (since i is not equal to n), neither of which can be 0.
Therefore Q(f) cannot be divisible by (f 2 1) p. This contradiction shows
that h lies in a cycle of length np in Gs.
To handle the general case we use the same argument to show that h
does not have period dividing npr21. Thus we need to show that
s np
r21
(la) 5 (fp
r21
1 a p
r21
)n(la) is not conjugate to la over Fq. But this
follows from the case we have just considered (r 5 1), since we may replace
the field Fq by F 5 Fqpr21, the map s by t 5 s p
r21
5 fp
r21
1 a p
r21
, and f by
the Frobenius automorphism fp
r21
on F. Then l has degree p over F and
annihilator (fp
r21
2 1) p; g is irreducible over F, since its degree is prime
to p (see [1, Theorem 6.2]); and g has period n with respect to the induced
map of s p
r21
, since n is prime to p. Moreover, if s np
r21
(la) is conjugate to
la over Fq, then s np
r21
(la) 5 fi(la) for some i, and the argument leading
to (11) shows that s np
r21
(la) 5 fi(l)s np
r21
(a). We may iterate this equation
p times to give
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s np
r21?p(la) 5 fip(l)s np
r21?p(a).
Since s np
r
(la) 5 ls np
r
(a) we get that fip(l) 5 l; consequently pr21 u i and
fi is a power of the Frobenius map on F, so that s np
r21
(la) 5 fi(l)s np
r21
(a)
is conjugate to la over F. (This uses that l and a have relatively prime
degrees.) Thus the argument for the case r 5 1 applies, and the period of
h with respect to sˆ cannot divide npr21. Hence h has period equal to npr.
This completes the proof of Proposition 3. Proposition 3 and the corollary
to Proposition 2 together imply Theorem 1 of the Introduction.
6. PROOF OF THEOREM 2
Now consider the polynomial s(x) 5 xp 1 ax, where a is a unit in Zp,
the ring of p-adic integers. Let m be an integer for which Fm,s(x) is divisible
(mod p) by an irreducible polynomial g over Fp lying in a cycle of length
n . 1 in Gs, where s(x) 5 x p 1 ax is the reduced map over Fp. Furthermore,
let g 5 g1, g2, . . . , gn be the irreducibles which make up the cycle containing
g. Then we have a congruence
Fm,s(x) ; p
n
i51
gi(x)ei ? h(x) (mod p),
in which the polynomials gi are relatively prime to each other and to h.
Hensel’s Lemma [8, p. 135] implies a factorization over Zp,
Fm,s(x) 5 p
n
i51
gi(x) ? h(x),
where gi(x) ; gi(x)ei, h(x) ; h(x) (mod p). If sˆ(gi) 5 gj, then by Lemma
3 above, gcd(gj(s(x)), Fm,s(x)) 5 gi(x) (mod p) (since gj(s(x)) has no
multiple factors). Using Lemma 3 again, but applied to the irreducible
factors of gj(x) over F 5 Qp, we see that gcd(gj(s(x)), Fm,s(x)) is some
product of irreducible polynomials which are relatively prime to h(x) and
to each of the polynomials gk(x), with k ? i. Thus the irreducible factors
of gcd(gj(s(x)), Fm,s(x)) all divide gi(x). Furthermore, for any irreducible
factor a(x) of gi(x), sˆ(a(x)) divides gj(x), since sˆ(a(x)) must divide some
gk(x), but gk(s(x)) is relatively prime to gi(x) if k ? j. It follows that the
irreducible factors of g1(x) lie in cycles of length $ n in Gs.
This shows that the orbit of a root a of g1(x) under s(x) in Qp contains
roots of each of the polynomials gi(x), for 2 # i # n, and therefore does
not consist entirely of algebraic conjugates over Qp. Since a is a periodic
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point of s and since n may be chosen arbitrarily, this completes the proof
of Theorem 2.
REFERENCES
1. A. Batra and P. Morton, Algebraic dynamics of polynomial maps on the algebraic closure
of a finite field, I, Rocky Mountain J. Math. 24 (1994), 453–481.
2. A. Batra and P. Morton, Algebraic dynamics of polynomial maps on the algebraic closure
of a finite field, II, Rocky Mountain J. Math. 24 (1994), 905–932.
3. L. Carlitz, A class of polynomials, Trans. Amer. Math. Soc. 43 (1938), 167–182.
4. D. Hayes, Explicit class field theory for rational function fields, Trans. Amer. Math. Soc.
189 (1974), 77–91.
5. H. W. Lenstra, Jr., On Artin’s conjecture and Euclid’s algorithm in global fields, Invent.
Math. 42 (1977), 201–224.
6. P. Morton and P. Patel, The Galois theory of periodic points of polynomial maps, Proc.
London Math. Soc. 68 (1994), 225–263.
7. P. Morton and J. Silverman, Periodic points, multiplicities and dynamical units, J. Reine
Angew. Math. 461 (1995), 81–122.
8. J. Neukirch, ‘‘Algebraische Zahlentheorie,’’ Springer-Verlag, Berlin, 1992.
9. H. Stichtenoth, ‘‘Algebraic Function Fields and Codes,’’ Springer-Verlag, Berlin, 1993.
10. F. Vivaldi, Dynamics over irreducible polynomials, Nonlinearity 5 (1992), 941–960.
